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Abstract. Suppose the edges of the complete graph on n vertices, 
E{Kn), are coloured using r colours; how large a fc-connected sub- 
graph are we guaranteed to find, which uses only at most s of the 
colours? This question is due to BoUobas, and the case s = 1 was 
considered in [3]. Here we shall consider the case s ^ 2, proving 
in particular that when s = 2 and r + 1 is a power of 2 then the 
answer lies between — 5kr{r + 2fc + 1) and + 4, that if 
r = 2s + 1 then the answer lies between (1 — 1/ {^^))n — 2(^)fc and 
(1 — l/(^))n + 1, and that phase transitions occur at 2s = r and 
s — O(y^). We shall also mention some of the more glaring open 
problems relating to this question. 

1. Introduction 

In this paper we shall study the following extremal problem, due to 
Bollobas: given an r-colouring of the edges of the complete graph on n 
vertices, E{Kn), how large a fc-connected subgraph can we find which 
uses at most s of the colours? (Recall that a graph G on n ^ k + 1 
vertices is said to be k-connected if whenever at most k — 1 vertices are 
removed from G, the remaining vertices are still connected by edges 
of G.) The case s = 1 of BoUobas' question was considered by the 
authors in a previous paper [3], and asymptotically tight bounds were 
obtained when r — 1 is a prime power. In this paper we shall continue 
the investigations of [3] by considering the case s ^ 2, and in particular 
the case s = 2, and the cases 2s ~ r and s = Q{^/r), where the function 
'jumps'. The majority of the problem remains wide open however, and 
so we shall also discuss some open problems and conjectures. 

Let us begin by recalling the results and notation of [3]. We note 
that a gentler introduction into the problem is provided in that paper. 
Suppose we are given n,r,s,k e N, and a function / : E{Kn) ~^ [r], 
i.e., an r-colouring of the edges of Kn- We assume always that n ^ 2. 
Given a subgraph H of Kn, write Cf{H) for the order of the image 
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of E{H) under /, i.e., Cf{H) = \f{E{H))\, the number of differ- 
ent colours with which / colours H. Now, define M(/, n, r, s, k) = 
max{\V{H)\ : H C Kn, Cf{H) ^ s}, the order of the largest k- 
connected subgraph of Kn using at most s colours from [r]. Finally, 
define m(n, r, s, k) = minj{M(/, n, r, s,k)}. Thus, the question of Bol- 
lobas asks for the determination of m(n, r, s, k) for all values of the 
parameters. We shall state all of our results in terms of m(n, r, s, k). 

In [3] fairly tight bounds were given on the function m{n,r,l, k). 
To be precise, it was shown that m(n, 2,1, k) = n — 2k + 2 for every 
n ^ 13k — 15, that 

n — k + 1 , n — A; + l 
^ ^ m{n,'i,l,k) ^ ^ + 1 

for every n ^ 480/c, and more generally that 

n /,2 7\ n — + 1 

— ll\k — k)r ^ m[n,r,l,k) ^ + r 



r — 1 

whenever r — 1 is a prime power. 

In this paper we shall study the function min, r, s, k) when s ^ 2; in 
other words, we are looking for large highly-connected multicoloured 
subgraphs of multicoloured graphs. When trying to work out what 
happens to m{n, r, s, k) when s > 1, one quickly realises that new ideas 
are going to be needed. For example, none of the extremal examples 
from |3] are any help to us, since in each of them any two colours 
/c-connect almost the entire vertex set! However, we shall find that a 
number of the tools developed in that paper are still useful to us. We 
shall recall these results as we go along. 

Our main results are as follows. We begin with the case s = 2. When 
also r + 1 is a power of 2, we have the following fairly tight bounds. 

Theorem 1. Let n,r,k G N, with r ^ 3, r + 1 a power of 2 and 
n ^ IGkr"^ + Akr. Then 

An An 

5kr{r + 2k + 1) ^ m{n,r,2,k) ^ h 4. 



r + 1 r + 1 

An 

In particular, if also k and r are fixed, then m{n, r, 2, k) = — -j-y + o(n) . 

We remark that the lower bound in Theorem [1] in fact holds for all 
r ^ 3, but the upper bound may increase by a factor of at most 2 when 
r + 1 is not a power of 2. For r = 3 (and n ^ 13A; — 15), however, we 
can solve the problem exactly. 

Theorem 2. Let n,k eN, with n ^ 13k — 15. Then 

m{n,3,2,k) = n — k + 1. 
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Our next result shows that there is a jump at 2s = r, from (1 — e)n 
to n - 2k + 2. 

Theorem 3. Let n,s,k e N, with n ^ max 12^^"^^ {k - 1) + 1, 13k - 15 

Then 

m{n,2s,s,k) = n — 2k + 2. 
Moreover, z/2s < r G N, then there exists e = e{s, r) > such that 

m{n,r,s,k) < {1 — e)n 
for every sufficiently large n G N. 

Moreover, we can determine the maximum possible e exactly. 

Theorem 4. Let n,s,k eN with s ^ 2 and n ^ 100 ~^ k"^ , and 

let e = e{s) = ^ ^ . Then 

(1 -e)n - '^(^'^^ ^ m{n,2s + l,s,k) ^ (1 - e)n + 1. 

We have seen that (rather unsurprisingly) when r is very large com- 
pared with s, the function m{n, r, s,k)/n is very close to 0, and when 
s and r are comparable the same function is close to 1. The next the- 
orem shows that the function changes from one of these states to the 
other rather rapidly. This is another example of a phase transition with 
respect to s. 

Theorem 5. Let n, r,s,k E N, with n ^ IGkr"^ + 4kr. Then 



e 



- 2kr\^^J^^^j ^ m{n,r,s,k) ^ (s + 1) 



n 



Lv^J 



r 



In particular, if n = n{r) ^ fcr^|_ ^2"| J o,s r ^ oo, then 

m{n,r,s,k) f if s < ^/f 
lim — ^ 



n 



1 if s > ^A 



The rest of the paper is organised as follows. In Section [2] we shall 
recall the tools developed in [3] ; in Section [3] we shall prove Theorems [1] 
and [21 in Section H] we shall prove Theorems [3] and HI and discuss the 
jump at 2s = r; in Section[5]we shall prove Theorem^ and in Section[6] 
we shall look back on what we have learnt, and point out some of the 
most obvious questions of the many that remain. 
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2. Tools 

In [3] various techniques were developed to find monochromatic k- 
connected subgraphs. Many of these tools will prove to be useful to us 
below, and for the reader's convenience we shall begin by stating them 
here. We start with the most crucial lemma from [3], which may be 
proved by induction on m + n. 

Lemma 6. Let q,i,m,n & N with m,n i and m + n ^ 2i+l. Let G 
be a bipartite graph with parts M and N of size m and n, respectively. 
If G has no {i + l)-connected subgraph on at least q vertices, then 

We shall use Lemma [6] to prove Theorem [1] and Lemma [8|, below. We 
shall use Lemma [H] to prove Theorem HI but we also consider the result 
to be interesting in its own right. First however we note the following 
simple corollary of Lemma O 

Corollary 7. Let c, d,k,m,n G N with m,n > k, and let G be a 

bipartite graph with parts M and N of size m and n, respectively. Let 
f : E{G) ^ N be a colouring of the edges of G, and for each i G N, let 
qk{i) be the maximum order of an k-connected subgraph of G which has 
all edges coloured i. Suppose that all but at most d edges have colours 
from the set [c]. Then 



c 



qk{i) ^ {m + n -2k) [I - 



d ck {m + n) 



1=1 ^ 

Proof. Apply Lemma [HI with ^ = k~l and q = (z) + 1 for each i G [c] , 
and note that 

'-^^^-^^^^ + if + i)im + n-2i) ^ ''^\^ +k\m + n)-l. 
m + n-2e ^ ' m + n -2k ^ ' 

Adding the resulting inequalities gives 



mn — a ^ > [qki'i) + 1) + ck [m + n) — c. 



Rearranging the inequality gives the desired result. □ 
We shall need the following observation of Bollobas and Gyarfas [2J. 

Observation 1. For any graph G and any G N, either 

(a) G is k-connected, or 

(b) 3 f G V{G) with daiv) ^d+k-3, or 

(c) 3 Kp^q C G, with p + q = \G\ — k + 1, and min{p, q} ^ d. 
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Suppose we are given an r-colouring / of the edges of Kn- For each 
S C [r], let qk{S) denote the maximum order of a fc-connected subgraph 
of Kn, all of the edges of which have colours from S. 

Corollary [7] and Observation [1] now allow us to prove the following 
result, which we shall use in the proof of Theorem H] to show that any 
s-set of colours gives a large fc-connected subgraph. It may be thought 
of as a stability result for 3-colourings. 

Lemma 8. Let n, k,r,t G N, with n > 2t + k, let f be an r-colouring 
of E{Kn), and let S,T,U C [r] be such that S UT UU = [r]. Then 
either 

(a) qk{U) ^ n-t, or 

In particular, if qk{U) < n — k^/n and n ^ then 

qk{S) + qk{T) ^n-9A;v^. 

Proof. Let n,k,r,t G N with n > 2t + k, let / be an r-colouring of 
E{Kn), and let S,T,U C [r] be such that SUTUU = [r]. The result 
is trivial if t ^ k, so assume that t > k. We divide the problem into 
two CRSGS, clS follows. 

Case 1: There exists a complete bipartite subgraph Ka^b, with a+b ^ 
n — t — k,b^a^t, and all edges having colours from the set 5* U T. 

We apply Corollary [7| to -ft'a.b, with k = k, c = 2 and d = 0. The 
lemma says exactly that 

2k\a + by 



qk{S) + qu{T) ^ {a + b -2k) [I 



ab 



^ 2k\a + b)^ ^, 

> a + b — 2k 

ab 

> n-2t-Ak 



t{n -2t-k) 
and so we are done in this case. 



Case 2: No such bipartite subgraph of Kn exists, and qkiU) < n — t. 

Let G be the graph with V{G) = V{Kn) and E{G) = f-\U), and 
apply Observation [1] to G with d = t. Since qkiU) < n, we know that G 
is not /c-connected. Similarly there does not exist a complete bipartite 
subgraph Ka^h of G with a + b = \G\ — k + 1 and b ^ a ^ t, since 
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Case 1 does not hold. Hence there must exist a vertex vi G V{G) with 
dcivi) ^t + k-3. 

Now let Gi = G — vi = G[V{G) \ {vi}], and apply Observation [1] to 
Gi, again with d = t. Again (since qk{U) < n — 1, and \Gi \ — k + 1 
n — t), there must exist a vertex V2 G V{Gi) with c?G'i(f2) ^ t + k — 3. 
Let G2 = Gi — V2, and continue until we have obtained a set X = 
{f 1, . . . , Vt} C V satisfying \rc{vi) \X\ ^ t + A; — 3 for every i E [t]. 

We now apply Corollary [7] to the bipartite graph with parts X and 
V \ X, and edges from the set S UT. The lemma says that 

/ f t(t+k~3) 2k^n 



> n-2k-2{t + k-3) 

> n-2t~Ak 



t{n - t) t{n - t) 
2k^n' 



t{n - 1) 

2k^n^ 



t{n -2t-k) 
and so we are done in this case as well. 

The final part of the lemma follows by letting t = [ky/n\ , and noting 
that (fcv^ - 1)(^ - 2A;v^ - k) ^ kn^/^/3 if n ^ 25k^. □ 

We shall frequently need to show that specific bipartite graphs have 
large fc-connected subgraphs. The following observation from [3j is the 
basic tool we use to do this. 

Lemma 9. Let G be a bipartite graph with partite sets M and N such 
that d{v) ^ k for every v G M, and \T{y) fl T{z)\ ^ k for every pair 
y,z & N . Then G is k-connected. 

The next two lemmas now follow from Lemma [9] by removing a suit- 
ably chosen set of 'bad' vertices. 

Lemma 10. Let a,b,k G N, and let G be a bipartite graph with parts 
M and N such that \M\ ^ Ab + k, \N\ ^ 2k, and d{v) ^ \M\ - b 
for every v & N. Then G has a k-connected subgraph on at least 

\G\ ^ > \G\-2b 

vertices. 

Proof. Let a, 6 G N and G be as described. Let 

U = {v e M : dciv) ^k-1}, 
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and observe that each vertex of U sends at least |A^| — A; + 1 non-edges 
into N, and that there are in total at most 6|A^| non-edges between M 
and (since d{v) ^ \M\ — b for every v G A^). Hence 

\U\i\N\-k + l) ^ b\N\, 

and so 

b\N\ ab 

bx 

since the function ; is decreasing for x > k — 1, and | ^ a ^ 

X — k + 1 

2k. Now, consider the bipartite graph G' = G[M \U,N]. Each vertex 
oi M \ U has degree at least k in G', by the definition of U, and each 
pair of vertices of N have at least k common neighbours in M, since 
\M\ ^ 4b + k, so \M \U\ 2b + k, and each vertex of has at most b 
non-neighbours in M. Thus, by Lemma [9], G' is fc-connected, and has 
order 

nb 

\G\-\U\ ^ \G\ ^ > \G\-2b. 

a — k + 1 

□ 

The following easy lemma is very similar to Lemma 15 of [3], but 
a little stronger. In particular, we have removed the requirement that 
3|M| ^ |A^|. 

Lemma 11. Let /c G N, and let G be the complete bipartite graph with 
parts M and N, where \N\ ^ \M\ ^ 15k. Let f be an r-colouring of 
E{G), and let S,T,U C [r] be such that S UT U U = [r]. Suppose that 

(a) \{v E N : f{uv) E S}\ ^ k for every u G M , and 

(b) !{« G M : f{uv) G T}\ ^ k for every v E N. 

Then there exists a k-connected subgraph of G, using only colours from 
U, and avoiding at most 5k vertices of M and 2k vertices of N. In 
particular, q^^U) \G\ — 7k. 

Proof. We may assume that r = 3, and that S = {1}, T = {2} and 
U = {3}. Let k,m,n G N with n m 15k, let \M\ = m and 
|A^| = n, and let / be a 3-colouring of E{G) satisfying the conditions 
of the lemma. Let 

Sm = {v E M : V sends at most 3n/5 edges of colour 3 into A^}, and 
Sn = {v E N : V sends at most 6k edges of colour 3 into M} 

be sets of 'bad' vertices. We shall remove the bad sets and apply 
Lemma [H 

We need to bound \Sm\ and \Sn\ from above. Since each vertex of 
M has at most k incident edges of colour 1, we have |/^^(1)| ^ km, 
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and similarly |/^-'^(2)| ^ kn. Also, since each vertex of Sm has at least 
2n/5 incident edges of colour 1 or 2, we have |/~^(1)| + |/^^(2)| ^ 
1 5*^1(2^/5). Finally, each vertex of has at most 6k incident edges 
of colour 3, and at most k incident edges of colour 2, so has at least 
(m — 7k) incident edges of colour 1. Hence |/~^(1)| ^ iS^Km — 7k). 
Thus 

\Sm\ < ^{\f-\l)\ + \f-\2)\) <: ^M!|±I^ ^ 5k, and 

,^ , 1/^^(1)1 km 
m — 7k m — 7k 

since m ^ lAk. 

Now, let M' = M\ Sm and N' = N\Sn, and let H be the bipartite 
graph with vertex set M' U A^', and edge set /~^(3). If a; G A^', then x 
sends at least 6k edges of colour 3 into M, so 

dnix) ^ 6k — \Sm\ ^ 6k — 5k = k, 

and similarly if y,z & M', then 

\THiy)r]THiz)\ ^ 3n/5 + 3n/5 - n ~ \Sn\ 

= n/5 — I^Tvl ^ 3k — 2k = k, 

since n ^ 15A;, so the conditions of Lemma [9] are satisfied. Thus by 
Lemma [9l H is /c-connected. Since also \M \ V{H)\ = \Sm\ ^ 5k and 
|A^ \ V{H)\ = \Sn\ ^ 2k, H is the desired subgraph. □ 

The results above will be our main tools in the sections that fol- 
low. However, we shall also use the following well-known theorem of 
Mader [4j in the proofs of Theorems [T] and O 

Mader's Theorem. Let a G R, and let G be a graph with average 
degree a. Then G has an a /A- connected subgraph. 

Mader's Theorem implies that a monochromatic (n— l)/4r-connected 
subgraph exists in any r-colouring of E{Kn) (to see this, simply con- 
sider the colour which is used most frequently). This subgraph is k- 
connected if n ^ 4kr + 1, and has at least (n — l)/4r + 1 vertices. It 
is this weak bound that we shall use. 

We also state the following result from [3] here, so that we may refer 
to it more easily. We shall use Theorem [T2] to prove the lower bounds 
in Theorems [2] and [31 

Theorem 12. Let n,kEN, with n ^ 13A; — 15. Then 

m{n,2,l,k) = n - 2k + 2. 
Finally we make some simple observations about A;-connected graphs. 
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Observation 2. Let G be a graph, and v G V{G). If G — v is k- 
connected and d{v) ^ k, then G is also k-connected. 

Given graplis G and H, define G U H to he the graph witli vertex 
set V{G) U V{H) and edge set E{G) U E{H). 

Observation 3. Let k E N, and Hi and H2 be k-connected subgraphs 
of a graph G. If there exist k vertices {vi, . . . , Vk} C V{Hi) such that 
|r(fj) n V{H2)\ ^ k for each i E [k], then Hi U H2 is k-connected. 

Observation 4. Let G N. If G and H are k-connected graphs, and 
\V{G) n V{H)\ ^ k, then the graph G U H is also k-connected. 

Throughout, we shall write V for V{Kn)- For any undefined terms 
see either [1] or [3]. 



3. The case s = 2 

We begin at the bottom, with the case s = 2. We shall be able to 
give fairly tight bounds on m{n, r,2,k) for infinitely many value of r. 
We begin with a construction, which will give us our upper bound. 



Lemma 13. For every n, r,s,k E N, we have 



m{n,r,s,k) ^ m{n,r,s,l) ^ 2^ 



n 



2Llog2(r-+l)J 



< 2' 



2n 
r + 1 



In particular, if r -\- 1 is a power of 2 and a divisor of n, then 

2'n 



m{n, r, s, k) ^ 



r + 1 



Proof. Let n, r,s,k G N, and let R = [log2(r + 1)J. We shall define a 
(2^ - l)-colouring / : E{Kr,) {0, 1}^ \ of the edges of K^. First 
partition V = V{Kn) into 2^ subsets {V^ : a; G {0, 1}'^} of near-equal 
size (i.e., |(|V^| — \ Vy\)\ ^ 1 for every pair x,y). Now if i G \4, j E Vy 
and X y, then let f{ij) = x — y (mod 2); for the remaining edges 
choose / arbitrarily. 

Choose a subset S C {0, 1}-^ \ of size s, a vector x G {0, 1}^ and 
a vertex v E V^. Let G be the graph with vertex set V and edge set 
f-\S), and let P(S) = {yi + . . . + y^ (mod 2) G {0, 1}^ : t G N, and 
y,eS for each i G [t]}. Note that |P(^)| ^ 2'. 

Now, there is a path from f to a vertex u E Vy using only edges 
of S if and only if x — y G Vi^S), since such a path corresponds to 
a sum of vectors from S. Hence the component of w in G is exactly 
[j{Vy:x~yeV{S)}. 
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Since v and S were arbitrary, ^ \n/2^'\ for each y G {0, l}'^, and 
|P(S')| ^ 2'^, it follows that in the colouring /, there is no 1-connected 
subgraph using at most s colours on more than 

2 



" n " 


= 2' 


n 


2« 




2Llog2(r-+l)J 



vertices. This proves that m(n, r, s, 1) ^ 2^ 
ing inequalities are trivial. 



n 



2Liog2('-+i)J 



the remain- 

□ 



The following corollary is immediate from the lemma; we state it 
just for emphasis. 

Corollary 14. Ifn,r, k ^N, and r + 1 is a power of 2, then 

m{n, r, 2,k) ^4 



n 



r + 1 

We shall prove an almost matching lower bound on m{n, r, 2, k). To 
help the reader (and because we can prove a stronger result in this 
case), we begin with the case k = 1. We shall need the following result 
from [3]. 

Lemma 15. The order of the largest monochromatic component of an 
. ^ , , m + n 

r -colouring of E[Kmn) is at least . 

r 

Theorem 16. Let n, r G N, with r ^ 3. Then 

An 

m{n, r, 2, 1) ^ . 



Proof. Let n, r G N, with r ^ 3, and let / be an r-colouring of E{Kn). 

We shall show that there exists a connected subgraph of Kn, on at least 
An 

vertices, using only at most two colours in the colouring /. For 

r + 1 

aesthetic reasons, we shall assume that r + 1 1 4n (otherwise the proof is 

almost the same, but slightly messier). Let G be the largest connected 

cn 

monochromatic subgraph of Kn, let A = V{G), and let \A\ = — -j-y. If 

c ^ 4 then we are done, so assume that c < A. 

Let B = V \ A, and without loss of generality, assume that the 
edges of G all have colour 1. Then since G is maximal, no edge in the 
bipartite graph H = Kn[A,B] has colour 1, so some colour occurs at 

^ ^ ^ ^ times in H. Again without loss let this colour be 2, and 



least 



r — 1 



let B2 = {u E B : f{uv) = 2 for some v G A} be the set of vertices of 
B which are incident to some edge of H of colour 2. 
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(4 — c)n 

Suppose first that I-B2I ^ • Then the set AUB2 is connected 

r + 1 

An 

by colours 1 and 2, and U i?2| ^ , so we are done. So assume 

r + 1 

(4 — c)n 

that I-B2I < , and choose a set B'o such that B2 G B'r, G B, 

r + 1 

and \B'J = 

We apply Lemma [15] to the bipartite graph H2 with parts A and B'^, 
and edges of colour 2. We have 



r — 1 Vr — l/Vr + l/V r 
r + 1 — c \ / m \ /(4 — c)n 



(4 - c)(r - l)J\r + 1 

r + 1 — c 
(4-c)(r- 1) 



^1 1^21, 



SO Lemma [15] implies that there exists a connected subgraph of H2 on 
at least 

e{H2){\A\ + \B'2\) ^ f (r + l-c) An 



\A\\B'2\ V(4-c)(r- 1)7 Vr + 1 

An 

vertices, since \A\ + \BL\ = . This subgraph is monochromatic, 

r + 1 

and so, since G was chosen to be the largest monochromatic subgraph, 
we have 

4(r + 1 — c)n ^ cn 



(4-c)(r-l)(r + l) r + 1' 
which implies that 

(r - l)c^ - 4rc + 4(r + 1) ^ 0, 

since c < 4 and r > 1. The quadratic factorises as (c — 2)((r — l)c — 

2fr + 1) 

2(r + 1)) ^ 0, so we have 2 ^ c ^ ^ -. 

r — 1 

We shall only need that c ^ 2. For suppose some vertex u G B 
sends edges of only one colour into A, i.e., \{i G [r] : f{uv) = i for 
some V G A}\ = 1. Let that colour be j, and consider the star, centred 
at with edges of colour j. It is monochromatic, connected, and has 
order larger than G, a contradiction. Thus every vertex in B sends 
edges of at least two different colours into A, and so, by the pigeonhole 
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2151 

principle, some colour (£, say) is sent by at least different vertices 

r — 1 

of S. 

Let D = {u E B : f{uv) = i for some v G A}. We have 

, , , cn 2\B\ n ( 2(r + 1 - cl 
L4UD ^ - + ^^ = c + 



r+1 r— 1 r+l\ r— 1 

n /c(r - 3) + 2(r + 1)~ 



r + 1 y r — 1 

n /2(r-3) + 2(r + l)\ 4n 



r + l\ r — 1 / r + 1 



the last inequality following because c ^ 2 and r ^ 3. The vertices of 
AV^ D are connected by edges of colour 1 and £, so we are done. □ 

We now modify the proof of Theorem [TSl to prove Theorem [H We 
shall use Mader's Theorem, and Lemmas 161 and fTOl 

Proof of TheoremUi Let n, r G N, with r ^ 3 and n ^ IGkr'^ + Akr. 

The upper bound follows by Lemma [13] if r + 1 is a power of 2; it 

remains to prove the lower bound. If < kr{r + l)(r + 2fc + 1) then 

the result is trivial, so assume n ^ kr{r + l){r + 2k + 1) . 

Let / be an r-colouring of the edges of Kn- We shall show that there 

An 

exists a connected subgraph of Kn, on at least 5kr(r + 2A; + 1) 

r + 1 

vertices, using only at most two colours in the colouring /. Let G be 
the largest /c-connected monochromatic subgraph of Kn, let A = V{G), 

and let \A\ = . Following the proof of Theorem [161 shall 

r + 1 

. I7kr^(r + 2k) ^ , . , 

show that c ^ 2 . huppose for a contradiction that 

n 

17kr^(r + 2k) 
c < 2 ^ -. 

n 

Let B = V \ A, and without loss of generality, assume that the 
edges of G all have colour 1. Now, since G is maximal, no vertex in 
B sends more than k — 1 edges of colour 1 into A, by Observation [2J 
Thus in the bipartite graph H = Kn[A,B], some colour occurs at 
{\A\ — k + 1)\B\ 

least times; without loss let this colour be 2. Let 

r — 1 

B2 = [u e B : \{v e A: f{uv) = 2}| ^ k} be the set of vertices of B 
which are incident to at least k edges of H of colour 2. 



HIGHLY CONNECTED MULTICOLOURED SUBGRAPHS 



13 



(4 — c)n 

Suppose first that |i?2| ^ • Then the set A U B2 is k- 



connected by colours 1 and 2 by Observation [2], and |yl U i?2| ^ 



An 
r + 1' 



(4 — c)n 

so we are done. So assume that I-B2I < , and choose a set Bn 

' ' r + 1 ^ 

(4 - c)n 



r + l 



such that B2 C B2 C B, and |i?2h 

We shall apply Lemma E] to the bipartite graph H2 with parts A and 
i?2, and edges of colour 2. First note that 



{\A\ - r{k - 1))\B\ 



(1) 



since we discarded at most (A; — edges of colour 2 from H when 

forming H2. Let i = k — 1; we must check that |i?2| ^ ^ and 
|A| + |i?2| ^ 2£ + 1. These bounds follow because n > ikr, so 



n — 1 

A ^ + 1 > A; 

4r 



by Mader's Theorem, and 



, , (4 — c)n 2n 
\B'^\ ^ ^ ^ 1 > 



r + l 



r — 1 



1 > A;, 



since we assumed that c < 2. 

So, by Lemma [6l if there does not exist a fc-connected subgraph of 
H2 on at least q vertices, then 



e{H2) ^ 
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4n 

since \A\ + ^ 1 and A; = £ + 1. Combining and (El), we 

r + 1 

get 

(r + l)(4n - 2k{r + 1)) / {\A\ - r{k - 1)) \B\ f An 



c{A — c)n'^ \ r — 1 \r + l^ 

An{r + 1) - 2A;(r + 1)^ / {cn - kr{r + 1)) (r + 1 - c)n Ak^n 

c(4 - c)n2 I (r - l)(r + 1)2 r + 1 

4(r + 1 - c)n / 4A;r(r + 1 - c) ^ IQP ^ 2k{r + 1 - c) 



(4-c)(r-l)(r + l) Vc(4-c)(r-l) c(4 - c) (4-c)(r-l) 

^ 1 f2khir + l)(r + 1 - c) ^ 8A;3(r + 1) 



V c(4 - c)(r - 1) c(4 - c) 

> ^^v^Vv'ln - 17fc(r + 2A;), (3) 
(4 — c)(r — l)(r + 1) 

r + 1 - c 1 , ,1 

since — < 2 and - < c < 2, so c(4 — c) > -. 

Inequality ([3]) holds if there does not exist a fc-connected subgraph 

of H2 on at least q vertices. Therefore, since G was chosen to be the 

cn 

largest /c-connected monochromatic subgraph of Kn, and IGI = , 

r + 1 

we have 

cn A{r + \ — c)n , 

' 1 > 7 -T7 TT T ^ nk{r- + 2k), 



r + 1 (4 - c)(r - l)(r + 1) 

which implies 

mkr'^{r + 2k) 

c-2 r-lc-2r + l < 

n 

as in the proof of Theorem [T6l Now, c < 2, so (r — l)c — 2(r + 1) < —4, 
and thus 

17A;r2(r + 2k) 
2-c < ^ 

n 

nkPir + 2k) 
so c ^ 2 , as claimed. 

n 

Now, for each j G [r] define 

C^ = {v e B -.line A: f{uv)^ 3}\^kr}, 

and suppose that \Cj\ ^ 2kr for some colour j G [r], i.e., there are at 
least 2kr distinct vertices in B which each send at least \A\ — kr edges 
of colour j into A. 
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We shall apply Lemma [TO] to obtain a contradiction. Let F be the 
bipartite graph with parts A and Cj, and edges of colour j, and let 

Tl — 1 

a = 2kr and b = kr. Now, ICA ^ 2kr ^ 2k, and \A\ ^ h 1 ^ 

4A;r + A; (by Mader's Theorem, and because n ^ IQkr"^ + 4/cr), and 
'^F('i^) ^ 1^1 — for every v E Cj, by the definition of Cj. 

Thus by Lemma [TU| there exists a fc-connected subgraph F' of F on 
more than \A\ + \Cj\ - 2b vertices. But \Cj\ ^ 2kr = 2b, so \V{F')\ > 
\A\, and F' is monochromatic. This is a contradiction, since G was 
chosen to be the largest monochromatic fc-connected subgraph of Kn- 

So for each colour j G [r] , there are at most 2kr distinct vertices in 
B which send at least \A\ — kr edges of colour j into A. We remove 
these vertices from B to obtain 

B' = {v E B : \{u E A : f{uv) ^ i}\ > kr for every j G [r]}, 

with \B'\ ^ \B\ — 2kr{r — 1) (note that |Ci| = 0). Now, for each vertex 
V G B', we have \{i E [r] : \{u E A : f{uv) = i}\ ^ k}\ ^2, i.e., v sends 
at least k edges of at least two different colours into A. Therefore, by 
the pigeonhole principle, there must exist a colour, i say, such that at 
2 1 5' I 

least vertices of B' send at least k edges of colour i into A. 

Let D = {v E B -.Hue A: f{uv) = £}\ ^ k}. We have 

, . , cn 2\B'\ cn 2\B\ 

\AUD\ ^ \ ^ — - ^ \ ^ — ^ Akr 

r + 1 r — 1 r + 1 r — 1 

n ( 2(r , ^ „, , 

c + ^ - Akr 



r + 1 \ r — 1 

n f c{r -3) + 2{r + l) 



r + 1 \ r — 1 



Akr 



^ An 17 kr^ (r + 2k) {r -3) 
^ r + 1 4(r-l)(r + l) 

An 

> 5kr(r + 2k + l) 

r + 1 

llkr'^ir + 2k) 

since c ^ 2 and r ^ 3. Now by Observation [2], the 

n 

subgraph of with vertex set A U D and all edges of colour 1 or £ is 
/c-connected, so we are done. □ 

When r = 3 we can do better than Theorem [T| in fact we can 
determine the function m(n, 3, 2, k) exactly when n ^ 13fc — 15. The 
alert reader will have noticed that this is the same bound on n as we 
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obtained in Theorem [12]- this is not coincidence, the bound is necessary 
because we shall use Theorem [T2] in the proof of Theorem [2] 
The following simple construction gives us our upper bound. 

Lemma 17. Let n,k E N. If n ^ 3k — 3 then m{n,3,2, k) = 0. // 
n ^ 3k — 2 then m{n, 3,2, k) ^ n — k + 1. 

Proof. Let n,k E N with n ^ 3k — 2. Let A, B and C be pairwise 
disjoint subsets of = V{Kn), each of size k — 1, and \et W = V \ 
{AU B U C). Colour the edges between A and B UW with colour 1, 
those between B and C UW with colour 2, and those between C and 
A U with colour 3. Colour the edges inside the sets arbitrarily. 

Let H he a. fc-connected subgraph on at least n — k + 1 vertices, using 
at most two colours, and let these colours be 1 and 2 (the proof in the 
other cases is identical). Let V{H) = X. Since n ^ 3k— 2, \X\ ^ 2k — 1, 
so the set X n{AUW) is non-empty. Let u e X f] {A U W). Now 
X n C = 0, since if v E X n C, then u and v are disconnected in 
H[X\B], which is a contradiction, since |Xn-B| ^ \B\ = k — 1. Since 
X n C = and |C| = A; - 1, we have |X| ^ n - A; + 1. 

We have shown that in the colouring described above, there is no 
/c-connected subgraph using only two colours on more than n — k + 1 
vertices. Therefore m{n, 3,2, k) ^ n — k + 1 when n ^ 3k — 2. 

Now let n,k eN with n ^ 3A; — 3. Partition V into parts A, B and 
C, each of size at most k — 1, and colour the edges between the parts 
as above: colour 1 between A and B, colour 2 between B and C, and 
colour 3 between C and A. This time, however, colour the edges inside 
A with colour 2, those inside B with colour 3, and those inside C with 
colour 1. Now it is easy to check that there is no /c-connected subgraph 
using only two colours, so m(n, 3, 2,k) = as claimed. □ 

We now prove the matching lower bound when n ^ 13k — 15. The 
argument is similar to the proof of Theorem [T^ in |3] - just one extra 
idea is needed. 

Proof of Theorem\^ The upper bound follows from Lemma [T7t and for 
k = 1 the result is trivial, so let n,k E'H with k^ 2 and n ^ 13k — 15, 
and let / be a 3-colouring of the edges of K„. We shall find a k- 
connected subgraph H of Kn, using at most 2 colours of /, on at least 
n — k + 1 vertices. 

For i = 1, 2, 3, let G*^*^ denote the graph with vertex set V = V{Kn) 
and edge set f~^{i) (the edges of colour i), and for each pair C 
{1, 2, 3}, let G'^*'-'^ denote the subgraph with vertex set V and edge set 
f~^{i) U f^^{j) (the edges of colour i or j). 



HIGHLY CONNECTED MULTICOLOURED SUBGRAPHS 



17 



We shall first find two /c-connected subgraphs, using at most two 
colours each, which cover the vertex set V. Since n ^ 13k — 15, by 
Theorem [12 either G^^'^) or G^^^ contains a /c-connected subgraph H 
on at least n — 2k + 2 ^ llA; — 13 > 2/c — 1 vertices. Suppose that H is 
in G'^^\ and let V{H) = X. Let A be the set of vertices of V^\X which 
send at least k edges of colour 1 or 3 into X, and let B be the set of 
vertices of V" \ X which send at least k edges of colour 2 or 3 into X. 
Since |X| ^ 2A; — 1, we have AUB = V"\X. Without loss of generality, 
let \A\ ^ \B\. Now G(^'3)[XUA] is A;-connected, by Observation [21 and 

n - IXI 

\XIJA\ ^ |X| + ^ n-k + 1, 

since |X| ^ n — 2fc + 2, so we have found the desired subgraph. 

So we may assume that G*^^'^) contains a /c-connected subgraph on 
at least n — 2^ + 2 vertices, and similarly for G*-^''^-' and G*^^'^^ Let Y be 
the vertex set of the largest fc-connected subgraph in G*^^'^-*, and let Z 
be the vertex set of the largest /c-connected subgraph in G'-^''^-'. Since 
|Z| ^ n — 2A; + 2, 72 ^ \?)k — 15 and ^ 2 we have 

|FnZ| ^ n-4A; + 4 ^ 9A; - 11 > 2A; - 1. 

We claim that Y \^ Z = V . To see this, suppose there is a vertex 
V G V\{YV^Z\ Since |ynZ| ^2k — \^v must send at least k edges of 
colour 1 or 2, or at least k edges of colour 1 or 3 into F fl Z. Without 
loss of generality, assume that v sends at least k edges of colour 1 or 
2. Then G''^'^''[y U {i;}] is /c-connected by Observation [2], contradicting 
the maximality of y. So F U Z = y, as claimed, and we have found 
two fc-connected bichromatic subgraphs which cover V . 

Now, letG = r\Z, andL' = Z\F. If |Z| ^ n - A; + 1 then G^^-'^) [Z] 
is the desired fc-connected subgraph, so assume not. Therefore |G| ^ /c, 
and similarly we may assume that \D\ ^ k. We wish to apply Lemma [9] 
to the bipartite graph G' = G(2'3)[y n Z, G U D], so let M' = F n Z 
and N = C VJ D. We must first remove the 'bad' vertices, of degree at 
most A; — 1 in G', from the graph. As in the proof of Lemma [TOj define 

U = {veM' ■ daiy) ^ A; - 1}. 

We shall show that \U\^k-l. 

For each i e {1, 2, 3}, let r{i) = \f-\i) n E{C, D) \ be the number of 
edges between G and D that are coloured i. Since Z is maximal, each 
vertex of G can send at most A; — 1 edges of colour 1 or 3 into Z, so 
G(^'3)[G,Z] has at most |G|(A;-1) edges. Therefore, G^^^[C,YnZ] has 
at most |G|(A;- 1) -r(l) -r(3) edges. Similarly, G^^^D.YnZ] has at 
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most \D\{k — 1) — r{\) — r(2) edges, so G' has at most 

|A^|(A;- 1) - \C\\D\-r{l) 

non-edges, since \C\ + \D\ = \N\ and J2i=i^i'^) = 1^*1 

Now, by the definition of U, each vertex of U sends at least \N\—k+l 
edges of colour 1 into N = C U D, so G' has at least \U\{\N\ - k + 1) 
non-edges. Hence 

\U\{\N\-k + l) ^ |iV|(A;- 1) - -r(l) 

^ \N\{k-l)-k\ 

since \G\, \D\ ^ k and r(l) ^ 0. Thus 

, , \N\(k-l)-k'^ , 2k -1 

\TT\ < I 1^ i — i. _ 1 <r k — 1 

^ |iV|-A; + l " " ^ \N\-k + l ^ " ^' 

since |iV| - A; + 1 > 0. 

We complete the proof of Theorem [2] by setting M = M' \ U, and 
applying Lemma [9] to the graph G = G^'^'^^M, N]. By the definition of 

U, dcix) ^ k for every vertex x G M, and 

\M\ = \YnZ\-\U\ ^ {n-Ak + A)-{k-l) 

= n- 5k + 5 ^ 8k- 10 ^ 3k -2, 

since \U\ ^k-l,n^ 13k - 15 and k ^ 2. Also ddy) ^ \M\ - k + 1 
for every y E N, since each vertex of C U D sends at most k — 1 edges 
of colour 1 to Y n Z. Therefore, 

\TG{y)nTG{z)\ ^ \M\-2k + 2 ^ k 

for every pair y, z E N, so by Lemma G is /c-connected. 

Since M U N = V \ U and |[/| ^ A; — 1, G is the desired fc-connected 
subgraph using at most two colours. □ 

Remark 1. We needed the bound n ^ 13 A; — 15 in order to apply 
Theorem [T2l - the rest of the proof required only n 8k — 7. Therefore 
any improvement on the bound on n in Theorem [T2] would give an 
immediate improvement here also. 

When r + 1 is not a power of 2, we can in general only determine 
m{n, r, 2, k) up to a factor of 2. However, it follows from Theorem |U 

9n 

which we shall prove in the next section, that m(n, 5, 2, k) = ^q'"^'^^-^' 
and we have the following conjecture for the case r = 6. 
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Conjecture 1. Let n,k&N, with n sufficiently large compared to k. 
Then 

m(n,6,2,fc) = — - 0{k). 

We remark that the upper bound, m{n,6,2, k) ^ — , follows from 

the construction in Lemma [23] below, with R = 4. We suspect that the 
following problem is not easy. 

Problem 1. Determine m{n,r,2, k) (up to an error term depending 
on r and k ) for those r G N such that r + 1 is not a power of 2. 



4. The jump at 2s = r 

We next turn to the range 2s ~ r, where the function m{n, r, s, k) 
'jumps' from (c + o{l))n with c < 1, to n — f{k). We shall prove 
Theorems [3] and HI which describe this transition quite precisely. We 
begin with an instant corollary of Theorem [T21 which turns out to give 
the exact minimum when 2s = r. 

Lemma 18. Let n,s,k& N, with n ^ 13A; — 15. Then 

m{n, 2s, s,k) ^ n ~ 2k + 2. 

Proof. Let n,s,k G N with n ^ 13A; — 15, let / be a (2s)-colouring 
of E{Kn), and let S C [2s] with l^l = s. Define the 2-colouring fs 
induced by / and 5" by /s'(e) = 1 if /(e) G S, and /^(e) = 2 otherwise. 
By Theorem [T21 since n ^ 13k — 15, there exists a monochromatic k- 
connected subgraph H of Kn (in the colouring fs) on at least n — 2k + 2 
vertices. H uses at most s colours in the colouring /, so m(n, 2s, s, k) ^ 
n-2k + 2. □ 

Next we prove the matching upper bound. The colouring which 
gives the bound is a generalization of the 2-colouring of Bollobas and 
Gyarfas [2|. 

Lemma 19. Let n,s,ke N, with 2 (fc - 1) + 1 . Then 

m{n, 2s, s,k) ^ n — 2k + 2. 

Proof. Let n,s,k G N, with ^ 2^ ^ (/c — 1) + 1. For each subset 

T C [2s] with \T\ = s, let At and Bt be subsets of = V{Kn) of 
size k — 1, with the sets {At, Bt : T C [2s], \T\ = s} pairwise disjoint. 
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Let W = V\[j^ At U Bt, so \W\ = n -'^(^^^ {k - 1) ^ 1. Define a 
(2s)-colouring / of E{Kn) as follows. Let 

• f{{t,j}) e [2s] \T if teW and J e At U Bt, 

• fiihj}) e [2s] \ (T U T') if i e At U Bt, j G At' U Bt' and 

and for each s-set T with 1 ^ T C [2s], let 

• = 1 if i € At and j G At<^, or z G -Bt and j G -Bt';, 
and 

• G T if i G At and j G Bt^, or i G -Bt and j G Atc 

Now, suppose -ff is a A;-connected subgraph of Kn using at most s 
colours; let T C [2s], with |T| = s, be a fixed s-set containing every 
colour used in H. We claim that H contains no vertex of At U Bt- 
Indeed, suppose u G V{H) fl At say (the proof if m G V{H) fl Bt is 
identical), and let w G IV (recall that \W\ ^ 1). 

Observe that since H used only colours from T, Th{u) C At^ U -Bt^. 
Moreover, if 1 G T then Th{u) C At^, and if 1 ^ T then Th{u) C -Bt^. 
So, if we set H' = H - AtcH 1 e T and H' = H - Bt^ if 1 ^ T, it is 
clear that u and v are disconnected in H'. Since [At^I = [-Bt^I = k — 1, 
this contradicts the assumption that H is /c-connected. This proves the 
claim. 

We have shown that H contains no vertex of At U Bt- Since \At U 
-BtI = 2k — 2, and H was an arbitrary fc-connected subgraph using at 
most s colours, this completes the proof of the lemma. □ 

/2s\ 

Remark 2. Note that when s = 1 the bound n^2( j(/c — 1) + 1 

reduces to n ^ 4A; — 3, and the construction reduces to that of Bollobas 
and Gyarfas [2]. Notice also that the construction may be altered 

slightly to give the bound m{n, 2s, s, fc) ^ n — 2a if n ^ 2 ^ ^ a + 1, 

for each a ^ k — 1. 

By Lemma [TSl any r-colouring of E{Kn) contains a fc-connected 
subgraph, using at most s colours, on at least n — 2k + 2 vertices, if 
r ^ 2s. Suppose s is decreased a little, are similar statements are 
still true? In particular, for which s can we always find a fc-connected 
subgraph on at least n — g{k) vertices (for some function g)7 Or on 
at least n — o{n) vertices? It turns out that the answer is the same in 
each case: if and only if 2s ^ r. 
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m{n, r, s, k) ^ 



1 



-1^ 



n 



n 

< 2- 



Proof. Let n,r,s,k G N, with s < 2r. Partition V = V{Kn) into 

t = ^ ^ ^3 subsets {Ay : T C [r], |T| = s} of near equal size. Colour 

an edge between and A^' with any colour from the set [r] \ (TUT'). 
Since |T U T'| ^ 2s < r, such a colour always exists. Colour the edges 
within the sets At arbitrarily. 

Let T be any subset of [r] with |T| = s. Note that 

LtJ ' " t 

since the parts are of near equal size and t ^ 3. There are no edges of 
colour T between At and V \ At, so the largest ^-connected subgraph 
using the colours of T has order at most 

max{|y4T|, n — ^ n 

Since T was an arbitrary subset of [r] of size s, the lemma follows. □ 
Theorem [3] now follows immediately from Lemma [181 CSl I 

'2s^ 





n 






n — 










.1. 







Proof of Theorem\^ Let n, s, G N with n ^ 2 ^ J (A; — 1) + 1, and 

- 15, we have m(n, 2s, s 

by Lemma [T8| and since n ^ 2\ 



n ^ 13A; — 15. Since n ^ 13A; — 15, we have m(n, 2s, s,k) n — 2k + 2 

'2s\ 

(A; — 1) + 1, we have m{n, 2s, s, k) ^ 



n — 2/c + 2 by Lemma [191 Hence m(n, 2s, s, fc) = n — 2A; + 2. 
The moreover part of the theorem follows by Lemma | 



□ 



When s = 1 it is easy to modify the construction of Bollobas and 
Gyarfas ^ to give m{n, 2, l,k) = when n ^ 4fc — 4, and they conjec- 
tured that the function jumps at this point, from to n — 2k + 2. For 
s ^ 2 however, we have little clue how this transition occurs. 

'2s' 



Problem 2. Determine m{n, 2s, s, k) when n ^ 2 



(k 



Theorem [31 implies that 2s = r marks a sort of 'threshold' for 
m{n,r, s, k): when 2s < r there is a constant e{r,s,k) < 1 such that 
m(n, r, s, k) < (1 — e{r, s, k))n for every (large) n G N; when 2s ^ r, no 
such constant exists, and in fact m{n, r,s,k) ^ n — 2k + 2 (if n ^ 13A;). 
Putting it concisely, the function 'jumps' from n — Q{n) to n — 2k + 2. 
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It is natural to ask what how large e{r, s, k) can be, given 2s < r. 



Say that a set A C is {k-) connected by the set X C [r] if the graph 
with vertex set A and edge set f~^{X) is (fc-)connected. We shall now 
prove Theorem m beginning with the case k = 1. 

Theorem 21. Let n, s G N, with s ^ 2. Then 



Proof. The upper bound follows from Lemma [201 we shall prove the 
lower bound. Let n, s G N, with s ^ 2, let r = 2s + 1, and let / be an 
r-colouring of E{Kn). Let S = {S C [r] : \S\ = s}, and for each subset 
S* G iS, let As be a set of maximum order which is connected by S, and 
let Bs = V \As. Note that l^sl ^ 1 for every 5*. We are required to 

show that there exists a set S* G 5 such that \Bs\ ^ ^ ~'~ ^ n, and 

we shall do so by showing that either As is large for some 5* G 5, or 
the sets {Bs : S E S} must be pairwise disjoint. To make things easier 
to follow, we break the proof into several cases. 

Case 1: There exist S,T E S such that As = At but S ^ T. 

If ^5 = At = V then we are done, so assume that -B5 is non-empty. 
Since As and At are maximal, every edge between As and Bs must 
have a colour from the set U = SnT. Note that \U\ = 2s + l- |^UT| ^ 
s, since S ^T. Thus \Aw\ = n for any U C W E S, and we are done. 

Case 2: There exist S,T E S such that As fl At = 0. 

Since As and At are maximal, every edge between As and At must 
have some colour from U = S (1 T. Note again that \U\ ^ s, since 
S y^T. Now, let B = Bsn Bt, let 



and let D = B \ C. The set V \ D is connected by [/, so if |D| = 
then \Aw\ = n for any U <Z W E S, and we are done. 

So assume that \D\ 7^ and let u E D. Since u ^ As, edges between 
u and As do not have colours from S. Also, by the definition of 
these edges do not have colours from U . Thus they must have colours 



Theorem H] shows that the maximum is exactly 




m(n, 2s + 1, s, 1) 




C = {v E B : E AsVJ At with f{vw) E f/}. 
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from [r] \{S U U) C T. Similarly, edges between u and At must have 
colours from S. This is true for any vertex in D, so the set As U D is 
connected by T, and the set At U D is connected by S. But As and 
At have maximum order, so l^^l + \D\ ^ I^tI, and \At\ + \D\ ^ 1^45, 
which implies that \D\ =0, a contradiction. 

Case 3: There exist S,T e S such that As n At 0, As <;t At <;t As, 
As Li At V and \S LiT\ ^ s + 2. 

Let M e E = y \ U At), and let C = n 7^ 0- Since u ^ As 
and u ^ At, the edges between and C must all have colours from 
U = S r\T. Similarly, all edges between As \ At and At \ As must 
have colours from U. Thus, the entire vertex set V is connected by 
U U {i}, where f{vw) = i for some v E B U C and w G AsAAt- Now, 
since U T| ^ s + 2, it follows that |?7| ^ s - 1, so |C/ U {0| ^ s and 
we are done. 

Case 4: There exist S,T e S such that As H At d). As <;t At <;t As, 
AsU At and \SUT\ = s + 1. 

We shall show that Case 3 still holds. Indeed, let B, C and U be 
as in Case 3, and note that \U\ = s, and that [/nS'=f/nT = 0. 
As before, the sets B U C and As/^At are each connected by U, and 
these sets partition the vertex set V. Hence, either Au — V, in which 
case we arc done, or Au = B (J C, or Au = AsAAt- It is simple to 
check that in cither of the latter two cases S and U satisfy the condi- 
tions of Case 3, and so we are done as before. Note in particular that 
\SUU\^2s^ s + 2 since s ^ 2. 

Case 5: There exist S,T e S such that As D At but Sy^T. 

This case is a little more complicated than the first four. First we 
shall show that Ar D At for every set R E S. 

U As = V we are done, so we may assume that -B5 is non-empty. 
Since As and At are maximal, all edges between Bs and At must have 
colours from U = SnT. Choose W e S such that U gW, and let Cw 
be the maximal set connected by W containing BsUAt- We shall show 
that \Cw\ > n/2, and so C\v = A^. If Cw — V then we are done, 
so assume that Dy/ = \ Cw is non-empty. Now, no edge between 
Dw C As and Bs C Cw can have a colour from S or from U, so all of 
these edges have colours from T. But At was chosen to have maximal 
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size, so \At\ ^ \Dw\ + l-B^I- Hence 

\Cw\ > I^tI + I^sI > \Dw\ + 2\Bs\ > \Dw\, 

and so Cw = Aw as claimed. 

We have shown that Aw D At for every SHTcWeS, so in 
particular we can choose W so that TnW = 0. Let {i} = [r] \ (TUW). 
Now, by the method of the previous paragraph, Ar D At for any 
R e S with i e R. In particular, if X — WA{i,j} with j e W, then 
Ax D At- Once again applying the method of the previous paragraph, 
we infer that Aji D At for any R E S with j G R. Since j was an 
arbitrary member of = [r] \ (TU {i}), we have proved that Ar D 
for everT/ set i? e 5, as claimed. 

Wc next claim that Bq n Br = (/} for every Q,R e S\ {T} with 
Q ^ R. Indeed, if Bq fl Br ^ and ^ 5^ ^ 5q, then we are in 
either Case 3 or Case 4, since Bq U Br C -Bt 7^ ^- But if, on the other 
hand, Bq C Br say, then D Ar, so Ap D Ar for every P e S as 
above, and in particular At D Ar. But then Ar — At, and we are in 
Case 1. Hence n = for every Q,ReS\{T} with Q R, as 
claimed. 

Now, simply observe that for any pair W,XeS such that T C W,X 
and 1^ 7^ X, every edge between Bw and Bx must have a colour from 
T, since [r] \ (H^ U X) C T. Since Bw and -Bx are disjoint, and At 
was chosen to be maximal, it follows that l^^^l ^ \Bw\ + |-Bx|- 

Hence, recalling that AtHBr = BrHBq = for every Q,Re S\{T} 
with Q ^ R, we obtain 

n ^ ^ \Br\^ + iSw^l + \Bx\ > ((^^^ ^) + ^) S^i^ 

and thus min iSi^l ^ff ~'~ )+l) n, as required. 
Res \\ s J J 

Finally, suppose that none of Cases 1-5 hold. The only remaining 
possibility is that As U At = V for every pair S,T E S with S ^ T, 
and therefore that Bs H Bt = for every such pair. But now we have 

and so min \ Br\ ^ I * ~'~ I and we are done. □ 
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The proof for general k is similar, but we shall need some of the tools 
from Section [2J to be precise, we shall use Lemmas [HI [ID] and [TTl 



Proof of Theorem The upper bound again follows from Lemma | 
we shall prove the lower bound. Let n,s,k G N, with s ^ 2 and 

n ^ 1001 j k . Let r = 2s + 1, and let / be an r-colouring of 

E{Kn)- Let 5 = {S* C [r] : l^l = s} as before, and for each subset 
5" e iS, let As be a set of maximum order which is fc-connected by S, 
and let Bs = V \ As- We are required to show that there exists a set 

S eS such that \Bs\ ^ (^^^^^ ^ + 2 (^^ ^ k. 

Let us assume, for a contradiction, that no such set S exists. We 
begin by using Lemma [H] to show that l^^l ^ (6s + 78)k for every set 
S eS. Indeed, let S E S, and let T,U C [r] satisfy SUTUU =[r]. 
We have 

2s + A"^\ ./2s + l 



for each TV e {T, f/}, and n ^ 25k'^, so by Lemma [HI 
gfc(^) ^ n - 9k - qk{T) 

f2s + lY^ /2s + A, , ^ 

2s + l\"^ ^/ ^ ,/2s + l\\ /2s + 

> 10 (^^'^"^^jp + 2(^^''^^y > (6s + 78)/t 
since ^ lO/cf ~'~ J . Thus \As\ ^ (6s + 78)k for every S G 5, as 



s 

claimed. We must once again consider five cases. 

Case 1: There exist S,T e S such that \AsAAt\ ^ (4s + 62) fc. 

If \V\{AsliAT)\ ^ 2fc, then \ As\ ^ n- (4s + 64)A; and we are done, 
so assume that \B\ ^ 2k, where B = Bs H B^- Since As is maximal, 
a vertex v E B can send at most k — 1 edges with colours from S into 
As, and similarly v can send at most k — 1 edges with colours from T 
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into At- Therefore, each vertex of B sends at most 2k — 2 edges with 
colours not in the set U = S (IT into A = As fl A^- 

Now, simply apply Lemma [TOl to the bipartite graph G with parts A 
and B, and edges with colours from the set U, and with a = b = 2k. 
Note that 

\A\ = 1-4.1 + \M- \AsAAr\ ^ 

and \B\ ^ 2 A;, so G contains a fc-connected subgraph on more than 
IGI — 4fc vertices. But this subgraph uses only colours from f/, and |G| = 
n — \ As/^At\ ^ n — (4s + 62) /c, so in this case quiU) ^ n — (4s + 66) /c 
and we are done. 

Case 2: There exist S,T e S such that \As n At\ < (2s + lQ)k. 

Since As and Aj- are maximal, each vertex of \ At sends at 
most k — 1 edges with colours from T into At \As, and similarly each 
vertex of At \ As sends at most k — 1 edges with colours from S into 
As \ At. We also have \As \ At\ = \As\ - \As n At\ ^ Ibk, and 
similarly \At \ As\ ^ 15/c, so we may apply Lemma [11] to obtain a 
set X C AsAAt with |X| ^ IA^AAtI — 7k, which is fc-connected by 

u = snT. 

Let B = Bsn Bt, let 

C = {v e B : \{w e X : f{vw) G U}\ ^ k}, 

and let D = B \ C. Note that the set X U C is /c-connected by U, so 
\Aw\ ^ n — 12k — \D\ for any U G W E S. Therefore we may assume 
that \D\ > (4s + 50)A;. 

Now, each vertex u E D sends at most k — 1 edges with colours from 
S into As (since u ^ As), and at most k — 1 edges with colours from 
U into X (by the definition of D). Apply Lemma [TUl to the bipartite 
graph with parts D and X (1 As, and edges with colours from T, and 
with a = b = 2k. Note that \D\ ^ 2k and 

\XnAs\ ^ \As\ - \As n At\ - 5k ^ 9k = 4b + k, 

so the conditions of the lemma hold. Thus there exists a fc-connected 
subgraph of Kn, using colours only from T, with at least 

\D\ + \X n As\ - 4:k ^ \D\ + \As\ - {2s + 25)k 

vertices. Similarly, there exists a /c-connected subgraph of Kn, using 
colours only from S, with at least \D\ + \At\ — (2s + 25) A; vertices. But 
As and At have maximum order, so l^^l + |Z}| — (2s + 25) k ^ \At\, 
and \AT\ + \D\~{2s + 25)k ^ \As\, which implies that \D\ ^ (4s + 50)A;, 
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a contradiction. 

Case 3: There exist S,T ^ S such that \As H At\ ^ (2s + 5)k, 
\As\At\, \At\As\ ^ (s + 13)A;, \V\{AsUAt)\ ^ 2k and \SUT\ ^ s + 2. 

Let B = V\{AsUAt), C = AsHAt, X = As\At and F = At\As, 
so \B\ ^ 2k, \C\ ^ (2s+5)A; ^ 9A;, and |X|, |F| ^ (s+13)A; ^ 15k. Since 
As and At are maximal, a vertex of i? can send at most 2k — 2 edges 
with colours from S U T into C, thus by Lemma there exists a /c- 
connected subgraph Hi of -ft'ri[-B UC], using only colours of [/ = SHT, 
on at least + \C\ — 4/c vertices. Furthermore, each vertex of X 
sends at most k — 1 edges with colours from T into Y, and each vertex 
of Y sends at most k — 1 edges with colours from 5* into X, so by 
Lemma [TT] there exists a fc-connected subgraph H2 of -ft'„[Xuy], using 
only colours of f/ = 5* fl T, on at least |X| + \Y\ — 7k vertices. Thus 
\V{Hi)UV{H2)\ ^n-Uk. 

It remains only to '/c-connect' Hi and H2 using Observation [3l To 
be precise, for each i & S UT let 

D, = {ve V{Hi) -.{{we V{H2) : f{vw) eUU {t}}\ ^ fc}, 

and note that IJ . A = V^(^^i), since \H2\ ^ |X| + \Y\ - 7k ^ 2sk. 
Choose j G SUT such that \Dj\ ^ \Hi\/2s, and note that \Hi\ ^ 
\B\ + |C| -4k^ 2sk, so \Dj\ ^ k. 

Now, by Observation [31 V{Hi) U V{H2) is fc-connected by [/ U {j}, 
and so qklu U {j}) ^ n - life. But |5 U T| ^ s + 2, so \U U {j}\ ^ s, 
and we are done. 

Case 4: There exist S,T E S such that \As fl At| ^ (2s + 16)k, 
\As \ At\, \At \ As\ ^ (2s + 19)k, \V \ {As U At)\ ^ (s + 17)k and 
\SUT\ =s + l. 

We shall show that either Case 3 still holds, or \ Au\ ^ n — llk, where 
as usual U = SnT (note that now \U\ = s, since jS* U T| = s + 1). Let 
B, C, X and Y be as in Case 3, so \B\ ^ (s + 17)k, \C\ ^ (2s + 16)k, 
and |y| ^ (2s + 19)fc. As before, we can find disjoint ^-connected 
subgraphs Hi and H2, which use only edges with colours from U, such 
that V{Hi) CBUC, V{H2) C X U F, \V{Hi)\ ^ \B\ + \C\ - Ak and 
\V{H2)\ ^ \X\ + \Y\-7k. 

Consider Au- Clearly \Au\ ^ max{|i7i|, ji/al} ^ (^ - llk)/2 ^ 13A;, 
but any set of order 13/c intersects either V{Hi) or V^(-/y2) (or both) in 
at least k vertices. Hence, by Observation HJ either Au D V{Hi) and 
\Au n V{H2)\ ^ k -I, 01 Au ^ V{H2) and \Au n 1/(i/2)| ^ A; - 1, 
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or Ajj D V{Hi) U V{H2). In the third case we have \Au\ ^ n — ll/c; 
we claim that in either of the first two (sub) cases, S and U satisfy the 
conditions of Case 3. 

Subcase (a): If Au D V{Hi) and \Au n V{H2)\ < A; - 1, then 

\Asr\Au\ ^ \V{Hi)r}C\ ^ \C\-Ak ^ (2s + 5)fc, 

\As\Au\ ^ \V{H2)r}X\-k ^ |X|-8A; ^ (s + 13)fc, 

\Au\As\ ^ \V{Hi)nB\ ^ |fi|-4A; ^ (s + 13)A;, and 

\V\{AsUAu)\ ^ |\/(if2)nr| -A: ^ |r| -8A; ^ 2/c. 

Subcase (b): Similarly, if Au D V^Hi) and |A;7nV(i7i)| < A;-l, then 

\AsnAu\ ^ |\/(iJ2)nX| ^ |X|-7A; ^ (2s + 5)fc, 

^ |1/(//i) nC| - A; ^ |C|-5A; ^ (s + 13)A;, 

^ |V(//2)nF| ^ |r|-7A; ^ (s + 13)A;, and 

\V\{AsUAu)\ ^ |\/(iJi) nE| - A; ^ - 5A; ^ 2A;. 

Also I^Uf/l =2s ^ s + 2 since s ^ 2, and so and U satisfy the 
conditions of Case 3, as claimed. Hence we are done as in that case. 

Case 5: There exist S,T E S such that \At \ As\ ^ (2s + 19)A; but 

This case is once again a little more complicated than the first four. 
First we shall show that \At \ Ar\ ^ (2s + 31)A; for every set R E S. 

Let B = Bs n Bt and C = As n At, as in Cases 3 and 4. If \As\ ^ 
n — (4s + 48)A; we are done, so we may assume that l-B^I ^ (4s + 48)A;, 
and hence that 

\B\ = IBsHBtI = \Bs\-\At\As\ ^ (2s + 29)A;. 

Also recall that \At\ ^ (6s + 78) A;, so 

\C\ = {AsHAtI = \At\-\At\As\ ^ 9k. 

Now, since As and A^ are maximal, each vertex of B sends at most 
2k — 2 edges with colours from SUT into C. Let U = SOT, and apply 
Lemma [TO] in the usual way (with a = b = 2k) to obtain a A;-connected 
subgraph H of Kn[BUC], using only colours from the set U, on at least 
\B\ + \C\ - 4k vertices. Choose W e S such that U CW, and let Cw 
be a set of maximum size, containing V{H), which is A;-connected by 
W. We shall show that \Cw\ ^ {n + k)/2, and deduce that Cw = A]y. 
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Indeed, we are done if \Cw\ ^ n — (2s + 38) /c, since \Aw\ ^ \Cw\, so 
let D\Y = V \ Cw and assume that \D\y\ ^ (2s + 38) fc. Then 

\DwnAs\ ^ \Dw\-\AT\As\-\BnDw\ 

^ - (2s + 19)A;-4A; ^ 15A;, 

and also 

\BsnV{H)\ ^ \B\-4k ^ 15k. 

Now, a vertex of Dw can send at most k — 1 edges with colours from W 
into V{H), and a vertex of -B5 can send at most k — 1 edges with colours 
from S into As- Therefore, by Lemma [TTl there exists a fc-connected 
subgraph of {D]^ fl ^5) U {Bs fl F(i^)), using only colours from the set 
T, on at least 

\Dw n As\ + \Bs n V{H)\ -7k ^ \Dw\ + \B\ - (2s + 3A)k 
vertices. But At was chosen to have maximal size, so 
\At\ ^ \Dw\ + \B\ - (2s + 34)A;. 

Hence 

\Cw\ > \B\ + \C\-4k = \B\ + \AT\-\AT\As\-Ak 
^ \Dw\ + 2\B\ - {As + 57)k ^ \Dw\ + k, 

since \B\ ^ (2s + 29)k. Therefore \Cw\ ^ (^ + k)/2, as claimed. But 
now any subset of V of size at least \Cw\ must intersect Cw in at least 
k vertices, and so by Observation HJ any fc-connected subgraph on at 
least \Cw\ vertices must contain Cw- In particular. Aw 3 Cw, since 
\Aw\ ^ \Cw\ by definition. But Cw was chosen to have maximum size, 
so we must have Cw = Aw- 

Since V{H) C Aw, we have shown that 

\At\Aw\ ^ \At\As\ + \C\V{H)\ ^ (2s + 23)fc 

for every set W E S with S Ci T C W E S. In particular, we may 
choose W so that TnW = 0. Now applying the method of the previous 
paragraphs to the sets T and W, we deduce that |ylr\74R| ^ (2s + 27)A; 
for any R E S with i E R, where {i} = T fl W. In particular, if 
X = WA{i,j} with J G W, then \At \ Ax\ ^ (2s + 27) fc. Once 
again applying the method of the previous paragraphs, we infer that 
\At \ Afi\ ^ (2s + 31)A; for any R E S with j e R. Since j was an 
arbitrary member of [r] \ (T U {i}), we have proved that \At \ ^ 
(2s + 31)k for every set i? e iS, as claimed. 

We shall next show that either we are in Case 1, 3 or 4, or {BqCiBuI < 
(s + 17)A; for every Q, R E S \ {T} such that Q R, and moreover 
IBqCIBrI < 2k if \QUR\ ^ s+2. Indeed, let Q,Re S\{T} with Q R, 
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and let \Bq n Br\ ^ 2k. Suppose first that \Bq \ Br\ ^ (2s + 19)fc. 
Then \Ar \Aq\^{2s + 19)fc, and so \Ar \ Ap\ ^ (2s + 31)A; for every 
P G iS, as above, and in particular \Ar \ At\ ^ (2s + 31)A;. But now 
I^/jAAt^I ^ (4s + 62)/c, and we are in Case 1. 

So suppose next that \Bq \ Br\, \Br \ Bq\ ^ (2s + 19)/;;. Note that 

lAgnA^I ^ \At\-\At\Ar\-\At\Aq\ 

> l^rl -2(2s + 31)A; ^ (2s + 16)A;, 

since \At\ ^ (6s + 78)A;, that \Aq \ Ar\, \Ar \ Aq\ ^ (2s + 19)A;, and 
that 

\V\{AqVJAr)\ = \BQnBR\. 

Thus if IQ U -R| ^ s + 2 we are in Case 3, and if |Q U i?| = s + 1 and 
\Bq n Br\ ^ (s + 17)k then we are in Case 4. Hence either we are 
done as before, or \Bq Pi Br\ < (s + VJ)k for every Q,R & S \ {T} with 
Q R, and moreover \Bq fl Br\ < 2/c if IQ U i?| ^ s + 2, as claimed. 

Now, let W and X be as described above, so [r] \ {W U X) C T, 
and observe that a vertex of Bw \ Bx sends at most k — 1 edges with 
colours from W into Bx \ Bw, and similarly a vertex of Bx \ Bw sends 
at most k — 1 edges with colours from X into Bw \ Bx ■ Note also that 
\Bw\, \Bx\ ^ (s + 32) /c, else we are done, so 

\Bw\Bx\ ^ \Bw\-\BwnBx\ > 15fc, 

and similarly \Bx \ Bw\ ^ 15A;. Hence we may apply Lemma [TT] to 
the bipartite graph with parts Bw \ Bx and Bx \ Bw to obtain a 
/c-connected subgraph on at least 

\BwABx\-7k ^ \Bw\ + \Bx\ - (s + 2A)k 

vertices, using only colours from the set T. 
Since A^ was chosen to be maximal, we have 

\At\ ^ \Bw\ + \Bx\ - {s + 24:)k. 

Now, recall that for every Q, R ^ S \ {T}, we have 

\Br\At\ = \Br\-\At\Ar\ ^ \BR\-{2s + 31)k, 

\Bq HBrI ^ 2k if \QU R\ ^ s + 2 and \Bq n Br\ ^ (s + 17)k if 
IQ U i?| = s + 1. There are exactly ( ~'~ ) pairs Q,R ^ S such that 
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IQ n -R| = s + 1. Thus, by inclusion-exclusion, we obtain 
n ^ \At\ + \Br\At\ - \Bq^^r\ 

T^R£S Q,R(^S\{T}, 

Q+R 

> \Bw\ + \Bx\ - {s + 24)k + Y {\Br\ - {2s + 31)k^ 

T^R&S 

Now, 



s 



2s + 1 j ^ ^ " ^s + l 

reduces to n ^ ~'~ "'"^ ^2s + 38 — ^ ^} } ^' ^^^^^ true, so 

min LBr < n + 2 ]k, 

Res V "5 / V "5 / 

as required. 

Finally, suppose that none of Cases 1-5 hold. The only remaining 
possibility is that \As U At\ ^ n — 2k for every pair S,T & S with 

U T| > s + 2, and \AsUAt\ > n - (s + 17)k for every pair S,T e S 
with IS" U T| = s + 1. But n 5t| = n - \As U At\, so we have 



RgS Q,ReS\{T}, 
Q+R 



2s + l\ . ,^ , /2s + l^^ /s + 1 



So min \Br\ ^( ~'^] n + 2\ ^ l/c, and we are done. □ 



Res \ s 

Setting s = 2 we obtain the following corollary. 
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Corollary 22. Let n,k eN with n ^ {lOOky. Then 

9n , , , ^ 9n 

— - 20k ^ m(n,5,2,fc) ^ ^0 ^ 

Remark 3. In fact one can do a little better in both directions. By 
taking a little more care in the proof of Theorem HI one easily obtains 

m{n,5,2,k) ^ — , 

and a simple modification of the construction in Lemma [20] gives 

, , , 9n - k + 1 
m{n, 5, 2, k) ^ — , 

and more generally 

2s + l\~^\ /2s +1^"^ 



m{n,2s + l,s,k) ^ \1- \^ ^ j j^^y ^ I - ^) 
We are sure that neither of these bounds is sharp. 



5. The jump at s = 6(^) 

Perhaps the most basic question one can ask about the function 
m(n, r, s, k) is the following: for which values of s is m{n, r, s, k) close 
to 0, and for which is it close to 1? Theorem [5] gives an asymptotic 
answer to this question. We begin with an easy lemma, which gives 
the upper bound in the theorem. 

Lemma 23. For every n, r,s,k ^ N, we have 



m{n, r, s, k) ^ (s + 1) 



n 



[V2r\ 



Proof. Let n,r,s,k G N, let V = V{Kn), and partition V into R = 
[■\/2r\ sets Vi, . . . , Vr, each of size either = \n/R~\ or N — 1. Not- 
ing that (^2^ < r, assign to each pair C [R\ a distinct colour 
c({^,j}) e [r]. 

Let / be the following r-colouring of E{Kn): if a; G and y G Vj, 
and i ^ j, then set f{xy) = c{{i,j}). If x, ?/ G Vi, then f{xy) may be 
chosen arbitrarily. Thus / is a 'blow-up' of a completely multicoloured 
complete graph. 

Now, let S C [r] be any subset of size s, and let G be the subgraph 
of Kn with vertex set V and edge set f^^{S). Each component of G 
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intersects at most s + 1 of the sets {Vj : j G [R]}, so since S was chosen 
arbitrarily, we have m{n, r, s, k) ^ M(/, n, r, s, 1) ^ (s + 1)A^. □ 

^ m(n,r,s,k) 
Lemma 123J shows that it s <^ yr, then ^ as r ^ 

n 

oo. Somewhat surprisingly, this simple construction turns out to be 
asymptotically optimal. Once again, we begin with the case k = 1, 
and prove a slightly stronger result. 

Theorem 24. Let n,r,s E N. Then 

■m{n, r, s, 1) ^ ^1 — e"''^/^'' j n. 

Proof. Let n,r,s G N, and let / be an r-colouring of the edges of Kn- 
If s = 1 then the result is trivial, since > 1 — x if x > 0, and 
m(n, r, 1, 1) n/r (consider the largest monochromatic star centred at 
any vertex). So let s ^ 2, and assume the result holds for all smaller 
values of s. Let t G [s — 1] (we shall eventually set t = \s/2], but we 
shall delay making this choice until it is clear why it is optimal), and let 
G be a connected subgraph of Kn, using at most t colours, of maximum 
order. Let V = V{Kn), A = V{G), B = V\A, andT = f{E{G)), the 
set of colours used by G. Thus (assuming |y4| < n), \T\ = t. By the 

induction hypothesis, \A\ ^ ^1 — e~*^/^''j n. 

Now, each vertex in B must send at least t + 1 different colours into 
A, as otherwise the star centred at that vertex would be a connected 
component, using at most t colours, larger than G. Also, a vertex of 
B sends no edges with colours from T into A, since G was chosen to 
be maximal. For each vertex v E B, choose a list L{v) of t + 1 colours 
{ii, . . . , it+i} C \ T which it sends into A. So for each v E B and 
£ G L{v), there exists a vertex u E A such that f{uv) = i. 

Let e > 0, and let T = {S (Z [r]\T : \S\ = s — t}. Suppose that 
m{n,r,s, 1) ^ n — e\B\. This means that for every set S E T, the 
largest connected component in Kn, using only the colours S UT, and 
containing G, avoids at least 6\B\ vertices of B. Hence, for each S E T 
there are at least e\B\ vertices v E B such that S r\L{v) = 0. For each 
Set, let M{S) = {vEB:Sr\ L{v) = 0}. 

_ 2t — 1 

Now, observe that for each vertex v E B, there are exactly ( 

\ s — t 

sets S eT with v E M{S). So, summing over T, we obtain 
^ ^ SeT veB seT ^ 



r - 2t - r 

s-t . 
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where J[T] denotes the indicator function of the event T, and therefore 
(r-2t- 1)! (r-s)! (r - 2t - 1) {r~s-t) 



{r -ty.{r - s -t-iy. (r-t) (r - s + 1) 



n. 



t J V ^-t 

Now, set t = \s/2'] to (approximately) maximize ^- — ^— ^, and 

r — t 

( ls/2] +1)1 s/2 I 

note that ^' ^ ' ^ \ > —■ Recalhng that \B\ ^ e^^'/^^'n ^ 
r - [s/2] 4r s i i ^ 

g-s /i2r^^ obtain 

e\B\ ^ e-^'/"^-^'/i2r-^ _ g-sVSr-^ 
since s ^ 2. Hence 

M(/,n,r,s, 1) ^ \A\ + {l-e)\B\ = n - e\B\ ^ (^l-e'''^^'' 
Since / was arbitrary, this proves the theorem. □ 

The proof for general k is, in this case, very similar. All that is 
necessary is to throw out some 'bad' vertices. 

Proof of Theorem\^ Let n,r,s,k G N, with n ^ 16fcr^ + 4kr, and 
let / be an r-colouring of the edges of Kn- If s = 1 then the result 
follows by Mader's Theorem (since n ^ 4kr + 1), and the fact that 
> 1 — X if X > 0, so assume that s ^ 2. Let t G [s — 1] (we shall 
again eventually set t = [s/2] , but we again delay making this choice 
to emphasize the similarities with the previous proof), and let G be 
a fc-connected subgraph of Kn, using at most t colours, of maximum 
order. Let V = V{Kn), A = V{G), 5 = 1/ \ A, and T = f{E{G)), the 
set of colours used by G. Thus (assuming |y4| ^ n — rk), \T\ = t. By 

Mader's Theorem, we have lAI > — > Akr + k. 

— t 



Now, suppose there are at least 2kr \^ ^ j vertices in B which send 

at least k edges of no more than t colours into A. To be more precise, 
given f G -B, let 

Lk{v) = G [r] -.{{ueA: f{uv) = £}| ^ A;}, 

V — t 



let D = {v E B : \Lk{v)\ ^ t}, and suppose that \D\ ^ 2kr[ ^ 

Note that by Observation [21 since G is maximal, Lfc(f ) fl T = for 
every v E B. Thus, by the pigeonhole principle, there exists a subset 
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S* C [r] \T of size t, and a subset C C -B of size 2kr such that Lk{v) C S 
for every v E C . 

Consider the bipartite graph H, with parts A and C, and edges with 
colours from S. Note that, by the definition of C, each vertex of C 
sends at most kr edges with colours from S into A, so dniv) ^ \A\ — kr 
for every f G C. Let a = 2kr and b = kr, and recall that \A\ ^ 
4kr + k = 4:b + k, and that \C\ ^ a ^ 2k. 

We apply Lemma [10] to H, with a = 2kr and 6 = kr, to obtain a 
fc-connected subgraph of H on at least 

o/,2 2 

vertices. This subgraph uses at most t colours, and so this contradicts 

the maximality of G. Thus |-D| ^ 2kr 

Let B' = B \ D, so each vertex in B' sends at least k edges of at 
least t + 1 different colours into A, i.e., |Lfc(f )| ^ t + 1 for every v G B'. 
For each vertex v G B', choose a list L{v) C Lk{v) of size t+1. So for 
each V E B' and i G Iv(t>), there exist at least k vertices u E A such 
that f{uv) = i. 

The remainder of the proof now goes through exactly as before, since 
by Observation [21 for each vertex v E B' the vertices A U {f } are k- 
connected by the colours T U {£} if i E L{v). The reader who feels 
comfortable with this fact may therefore safely 'jump' to the end of 
the proof. For the remaining readers, and for completeness, we shall 
repeat the argument. 

So let e > 0, and let T = {S C [r]\T : \S\ = s — t}. Suppose that 
m{n,r, s,k) ^ n — e\B'\. This means that for every set S E T, the 
largest fc-connected component in K^, using only the colours S UT, 
and containing G, avoids at least s\B'\ vertices of B' . Hence, for each 
S eT there are at least e\B'\ vertices v E B' such that SnL{v) = 0, by 
Observation [1 For each S eT, let M{S) = {v E B' : S n L{v) = 0}. 

Now, observe that for each vertex v E B' , there are exactly 

sets S eT with v E M{S). So, summing over T, we obtain 

as before, and therefore 




/r - 2t - 1 
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Now, setting t = [s/2] to (approximately) maximize - — ^-^-^ ^, 

. , (rs/21 +1) Is/2J s2 , . 

and notmer tliat p — — > — , we obtam 

r-\s/2] 4r' 

Mif,n,r,s,k)^ \A\ + il-e)\B'\ ^ |A| + (1 - e) - 2fcr (^^ J^]) 

Since / was arbitrary, this proves the theorem. □ 

Remark 4. Using induction, as in the proof of Theorem [2H one can 
shghtly improve this bound. 



6. Further Problems 

There is a great deal about the function m{n,r, s, k) that we do 
not know. In this section we shall discuss some of the most obvious 
and intriguing of these open questions. We begin with the following 
corollary of Theorem \5\ and Lemma [T31 It demonstrates the rather 
embarrassing state of our knowledge in the range 2 < s ^ ^/r. 

Corollary 25. There exist constants C, C" G M such that 

Cs^ ^ —'m(n,r,s,k) ^ C min \ 2^ , sy/r\ 
n 

for every r,s,k & N with < r, and n sufficiently large. 
In particular, we do not know whether the function 

g{s) = lim inf lim inf (rliminf ( — m{n,r, s, k) 

grows like a polynomial or an exponential function (or something in 
between!). We conjecture that the upper bound is correct in the range 
s <C log(r). 

Conjecture 2. Let 2 ^ s,k eN be fixed. Ifr > 4'^, andn is sufficiently 
large, then 

2'*n 

m(n, r, s, k) ^ — j-y — 0{k). 

We suspect that Conjecture [2] is not easy, and pose the following much 
weaker statements as open problems. 

Problem 3. Prove any of the following. 

(z) g{s) > (1 + ey for some e > and every s eN. 
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(a) g{s) < (1 + eY for every e > and sufficiently large s. 
{Hi) g{s) = 0(s*) for some t G N. 
(iv) g{s) = for every t G N. 

When r ^ s^/r ^ 2*, we suspect that the upper bound in Theorem [5] 

becomes optimal, and m{n, r, s, k) = Q [ j , but at present we seem 



a long way from proving such a result. 

We proved that the function m{n,r, s, k) is 'small' when s <^ \fr and 
'big' when s ^ ^Jr. But what about when s = Q{^/r)7 What is the 
exact nature of this phase change? Theorem [5] gives us (roughly) the 
bounds 

(l — e^^^) n ^ m{n,r, \_cy/r\, k) ^ — ^ 

when n is sufficiently large compared to r. Again we conjecture that 
the upper bound is correct. 

Conjecture 3. Let c G (0, v^]. Then 

h{c) = liminf lim inf lim inf [—m(n,r, [cv^J, A;)] = 

k^QO r^oo n^oo \n / v2 

Although we would really like to determine h{c) exactly, we would 
in fact be very happy with an answer to either of the following, more 
basic questions. 

Question 1. Does there exist a constant c G M such that h{c) = 1? 

Question 2. Is lim > ? 

Finally, we have a question about the phase transition at 2s = r. We 
would like to know the value of m(n, 2s — 1, s, k); in other words, what 
does the function jump to when r is odd? For s = 2 we showed that the 
answer is n — /c + 1, and it is tempting to guess that this is always the 
correct answer, but we believe this to be false. More precisely we make 
the following conjecture. The rather strange right-hand side is derived 
from a fairly complicated construction, which we found and then lost! 
Since we cannot prove it, we state it as a conjecture. 

Conjecture 4. Let n,s,k G N, with s ^ 3 and n and k sufficiently 
large. Then 

f 2s(r - 2) \ / 2s - 5 \ , 

m(n, 2s - 1, s. A:) ^ n - (^ ^, _ ^ ^ ^k = n-[l + _ ^ ^ ) k, 

where r = 2s — 1. 
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Problem 4. Determine the value ofm{n, 2s — l,s,k) for every s,k eN 
and all sufficiently large n. 
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